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Abstract

Air void spacing equations have been proposed in the literature by a number of
authors: Powers; Philleo; Attiogbe; and Pleau and Pigeon. Each proposed spacing
equation attempts to characterize the true “spacing” of entrained air voids in concrete.
While efforts have been made to correlate these spacing equation calculations to freeze-
thaw performance, no test has been performed to assess the geometrical accuracy of
these spacing equations. Herein is a computerized accuracy test of these proposed spac-
ing equations. A computer model of air void systems is used, and various “spacings”
are measured in the model system. The results of these measurements are then com-
pared to the appropriate spacing equation prediction, along with equations developed

by Lu and Torquato.
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1 Introduction

The efficacy of entrained air voids in concrete for providing freeze-thaw durability has
been known since the 1940’s [1]. However, their exact role in freeze-thaw durability
has not been established definitively. There appears to be a connection between the
expansion of the water during freezing and the proximity of the air voids. Regard-
less of which particular physical theory of freeze-thaw degradation might be correct,
an undisputed fact is that good freeze-thaw durability can be achieved through the
presence of many small entrained air voids distributed throughout the cement paste
phase of the concrete. Therefore, one could characterize an air void system by esti-
mating some measure of air void “spacing,” with the expectation that concretes with
equal air contents, but different air void spacings, should exhibit different freeze-thaw
performance.

One of the first attempts to characterize the “spacing” of air voids was by Powers
[2], which was the basis for the American Society for Testing and Materials (ASTM)
C 457 [3] spacing factor (L). Since then, spacing equations have been proposed by
Philleo [4], Attiogbe [5], and Pleau and Pigeon [6]. Each of these equations attempts to
characterize the “spacing” of voids in air-entrained concrete, even though the Attiogbe
equation estimates the spacing among air voids, and the other equations estimate the
distance water must travel to reach the nearest air void.

At present, evaluation of an air void spacing equation consists of a comparison
between the estimation of spacing and the results of laboratory freeze-thaw experi-
ments [7,8]. The a priori assumption is that each equation is inherently correct in
its estimation of spacing. Unfortunately, each of these spacing equations proposed for
predicting freeze-thaw performance has inherent assumptions or simplifications built
into its development. Until now, no quantitative measure has been made of the effects
due to these assumptions.

This paper quantifies the performance of the various spacing equations using a com-

puterized numerical experiment. The computer experiment measures various “spacing”



quantities in a paste-air system. Systems are composed of air voids with either mono-
sized or lognormally distributed radii. Since the size and the location of each sphere are
known exactly, the actual “spacings” can also be calculated exactly. To achieve accept-
able statistics, the results from many system realizations are used to estimate averaged
quantities. These results, along with the associated spacing equation predictions, are

reported for comparison.

2 Spacing Distributions

There are two classifications of spacing equations which will be discussed here. Some
equations estimate the proximity of the paste to the voids, and others estimate the
proximity of the voids to one another. Although this may seem a subtle distinction,
it will be shown that the mathematical relationships that characterize these concepts
have different behaviors.

Also, any reasonable concept of “spacing” should address the fact that there must
exist a distribution of distances which characterize the spacing. Clearly, some regions
of the paste are closer to an air void than other regions, and some voids have nearer
neighbors than others. This characteristic can be represented by a distribution of
distances, as depicted in Fig. 1 for a distance s. In this figure, the probability density
function (PDF) is a normalized function with unit area under its curve. This function
represents the fraction of spacings found in the interval [s, s 4+ ds] for some differential
element ds. The associated cumulative distribution function (CDF) is the integral of
the PDF. This function increases monotonically from zero to unity and represents the
fraction of spacings less than s.

An illustration of using the CDF is also shown in Fig. 1. Two horizontal dashed
lines intercept the ordinate axis at the 50 th and 95 th percentiles. These lines intercept
the CDF at s values of 1.95 and 3.1, respectively. Therefore, 50 % of the spacings are
less than 1.95, and 95 % are less than 3.1. In theory, the CDF only asymptotes to unity,

and to capture all of the spacings, s must increase to infinity. In practice, however,



the quantity s can only increase to the size of the system. Therefore, the concept of a
maximum spacing is an ill-defined quantity. Therefore, in this experiment, the 50 th
and the 95 th percentiles of the spacing distributions will be used to characterize both

the measured and the estimated values.

2.1 Analytical Equations-Discrete Data

This numerical experiment is performed by collecting a finite number of spacing val-
ues and comparing this distribution of spacings to an analytic equation. The most
straightforward way to do this is to use all of the data to create a discrete cumula-
tive distribution function for the data, and compare percentiles of this function to the
same percentiles computed for the analytic equations. As a simple demonstration of
this procedure, 20 normally distributed random numbers with a mean of zero and a
variance of one were generated by a computer program [9] and sorted from smallest to
largest. These data, labeled z, are shown in the first column of Table 1. The adjacent
column contains the rank of the sorted z values. A rank of 10 signifies that 10 of the
20 values are less than x. The percentiles of the = values are calculated by dividing the
rank by the total number of variates, 20. This percentile, or relative rank, is labeled y
and is shown in the last column of the table. This value represents the numerically de-
termined CDF of the x values, and is plotted in Fig. 2. Since the normal distribution is
symmetric about zero, both the mean and 50 th percentile are also zero. From Table 1,
the 50 th percentile of the data is approximately -0.104, which differs from the true
value of zero. The error is due to the small sample size. Repeating this experiment of
20 random variates and averaging the results would yield a more accurate estimate of
the 50 th percentile.

Another way to increase accuracy is to increase the number of random numbers.
Fig. 3 shows the CDF created from a single experiment of 1000 normally distributed
random deviates, again with mean zero and variance one. From these data, one could
either estimate percentiles of the distribution, or estimate the PDF of the data. The

50 th percentile of the discrete CDF is 0.018, which is a more accurate estimate than



for the 20 variates. An estimate of the PDF for these data was calculated by first
extracting every 40 th value in the CDF data in order to reduce noise in the data. A
one-sided finite difference [10] algorithm was used to calculate the slope at these points
(the derivative of the CDF) and these values for the probability density function (PDF)
are shown as filled circles in Fig. 3. For a comparison, the true gaussian PDF is also
shown in the figure. Even after smoothing the CDF by selecting every 40 th value, the
resulting PDF is still quite noisy. Therefore, a comparison between measured data and

analytic estimates is best done through estimating percentiles using the CDF.

2.2 Paste-Void Proximity

Paste-void proximity equations estimate the volume fraction of paste within some dis-
tance from the surface of the nearest air void. There are two simple ways to visualize
this spacing: (1) Imagine surrounding each air void with a shell of thickness s. These
shells may overlap one another, but may not overlap or penetrate air voids. The vol-
ume fraction of the paste that is within any shell is equivalent to the volume fraction
of paste within a distance s of an air void surface. (2) Given an air void system, pick
points at random throughout the paste which lie outside the air voids. For each point,
find the distance to the nearest air void surface. The number fraction of the points
that fall within a distance s of an air void surface is equal to the volume fraction of
paste within a distance s of an air void surface. This second approach is the one used
here to estimate the CDF of the spacing distribution.

This definition of the paste-void proximity distribution is the same as that used
by proponents of the protected paste volume (PPV) concept [11-13]. The material
parameters of the concrete determine the limiting spacing, and one wants to determine

the fraction of paste within this distance to the nearest air void.



2.3 Void-Void Proximity

Void-void proximity spacing equations can be further classified into either nearest

neighbor or mean free path calculations.

2.3.1 Nearest Neighbor

Nearest neighbor void-void proximity equations estimate the surface-surface distance
between nearest neighbor air voids. This is calculated by starting from a given air void
and finding the shortest distance from the surface of that void to the surface of any
other air void. This is repeated for a number of different air voids. This collection of
random distances, when sorted and plotted versus its relative rank, form an estimated
void-void proximity cumulative distribution function.

As will be demonstrated subsequently, void-void proximity spacings have a subtle
complexity. For an air-void system composed of polydispersed sphere diameters, the
average void-void spacing originating from large spheres is smaller than the average
void-void spacing originating from small spheres. Therefore, the “mean void-void spac-
ing” is an ill-defined quantity when stated without additional qualifiers, since it varies

over the distribution of sphere diameters.

2.3.2 Mean Free Path

The mean free path is the average length of paste between adjacent air voids along a
randomly chosen line passing through the air void system. If an ASTM C 457 [3] linear
traverse was performed on a paste specimen containing entrained air voids, the mean
free path would be equal to the average paste chord length. It is important to note
that this distance is neither the longest nor the shortest distance between air voids in
an air void system.

An important difference between the mean free path and either the void-void or the
paste-void proximity spacings is that the mean free path is simply a number, and not

a distribution. The advantage is that a single number can be used to characterize this






n: number of air voids per unit volume.

A: air void volume fraction.

p: paste volume fraction.

a: specific surface area of spheres.

r: sphere radii.

f(r): sphere radii probability density function.

(R¥): the expected value of R* for the radius distribution.

s: spacing distribution parameter.

For the paste-air systems (no aggregate) considered here, these quantities can be

defined analytically as follows [15, 16]:

A= — (R?) (1)
p = 1-4 (2)
o = ‘f;’é;; 3
®) = [Tt @

The distinction has been made between the random variable R and its possible values

r (see Ref. [16], Chapter 4).

4.1 Powers Spacing Factor

The most widely used paste-void spacing equation is the Powers spacing factor [2].
Contrary to a popular misconception, it does not attempt to estimate the distance
between air voids. Rather, it is an attempt to calculate the fraction of paste within
some distance of an air void (paste-void proximity). The Powers equation approzimates
the distance from the surface of all the air void surfaces which would encompass some

large fraction of the paste. However, the value of this fraction is not quantified.



The second misconception is that the Powers spacing factor represents the max-
imum distance water must travel to reach the nearest air void in a concrete speci-
men [3,8,17]. From the previous discussion of the distribution of paste-void and void-
void spacings, it should be clear that there is no single theoretical maximum value
for the paste-void spacings. One can only quantify percentiles of the distribution to
characterize the fraction of paste within some distance to the nearest air void surface.
In practice, the maximum paste-void spacing is the size of the sample.

The Powers spacing factor was developed using two idealized systems. For small
values of the p/A ratio, there is very little paste for each air void. Powers used the
“frosting” approach of spreading all of the paste in a uniformly thick layer over each
air void. The thickness of this “frosting” is approximately equal to the ratio of the

volume of paste to the total surface area of air voids,

7 p p
=P __ P . p/A < 4.
drn(R?) «A p/A <433 (5)

For large values of the p/A ratio, Powers used the cubic lattice approach. The
spheres are placed at the vertices of a simple cubic array. The air voids are monosized,
each with a specific surface area equal to the bulk value. The cubic lattice spacing is
chosen such that the air content equals the bulk value. The resulting Powers spacing

factor is the distance from the center of a unit cell to the nearest air void surface,

L= % [1.4 (% + 1) v 1] :p/A > 4.33 (6)

The p/A value of 4.33 is the point at which these two equations are equal.
The intent was that a large fraction of the paste should be within L of an air void
surface. An acceptable value of L for good freeze-thaw performance was determined

from estimating material properties of concrete.



4.2 Philleo Spacing Equation

Philleo [4] extended the approach of Powers by attempting to quantify the volume frac-
tion of paste within some distance of an air void system (paste-void proximity). Philleo
started with an idealized air void system composed of randomly distributed points, the
statistics of which are known. Using the Hertz [18] distribution for the paste-void
proximity distribution for zero-radius points, Philleo then modified this distribution to
account for finite sized spheres by renormalizing the cumulative distribution to account
for the air content. The result, although still only an approzimation, characterizes the
paste-void spacings for finite-sized air voids. For an air-paste system, the Philleo spac-
ing factor for the volume fraction of paste within a distance s of an air void surface
is

F(s)=1—exp [—4.19:103 — 7.802% [In(1/p)]"/? — 4.84z [ln(l/p)]2/3] (7)

where the substitution z = sn!/3 has been made.

4.3 Attiogbe Spacing Equation

Recently, Attiogbe proposed a spacing equation which estimates the “mean spacing
of air voids” in concrete [5]. From the author’s figures, it appears as though the
Attiogbe spacing equation attempts to estimate one half the minimum surface-surface
spacing among neighboring air voids. An accurate numerical test of the equation is
complicated by the exact definition of what the author’s spacing equation attempts
to quantify. Figure 1 of Ref. [5] depicts the “spacings” considered. In that figure,
the author has chosen the nearest three voids as neighbors. The author should have
included the other six voids that are “visible” to the central void since, by the author’s
definition, “d is defined by considering only the distances, between adjacent air voids,
which are entirely occupied by paste” [5].

A definitive numerical test of the Attiogbe [5] spacing equation is complicated
further by the author’s ambiguous definitions of certain mathematical quantities. The

author states both in the abstract and in the conclusion that the Attiogbe spacing
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accuracy [15]:

- b
A= (11)

If the center of the air voids remain fixed, as the radii of the air voids decreases to zero,
the mean free path diverges toward infinity, like the Attiogbe equation for ¢.

This similarity is more than coincedental. In fact, the Attiogbe equation for £ is
directly proportional to A. Expressing the Attiogbe equation for t as

p

the quantity aA can be simplified using Egs. (1) and (3):
p

p
2 nm(R?)
p

L (13)

Therefore, at low air contents the Attiogbe equation ¢ is approximately equal to one

half the mean free path between air voids in a paste-air system.

4.5 Pleau and Pigeon Spacing Equation

Pleau and Pigeon [6] have recently proposed a spacing equation for the paste-void
spacing distribution. Their approach considered both the air void radii distribution
and the distribution of distances between a random point in the paste and the nearest
air void center. Let h(x) represent the probability density function of the distance
between a random point in the system and the center of the nearest air void. As
defined before, let f(r) represent the probability density function of air void radii. The
joint probability [16] that this random point is a distance s from the surface of an air

void with radius r is

Bls, ) = h(r +s)f(r) (14)
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As an approximation for h(z), Pleau and Pigeon use the probability density function

for the nearest neighbor distance between random points,
43
h(z) = 4rne 3™ (15)

which is attributable to Hertz [18]. However, the centers of air voids are not entirely
random since air voids do not overlap one another. The consequence of this choice for
h(z) is discussed subsequently.

The joint probability density function ((s,r) depends upon h(s + r). If a point
chosen at random throughout the entire system lies at a distance x from the center of
a sphere, the quantity s is defined as z — r. Therefore, if the random point lies within
the sphere, the quantity s will be negative, but the argument z of h(x) will be either
zero or some positive number.

The parameter r may be eliminated from the joint probability 3(s, ) by integrating

over the possible radii,
o0
(s) = / hr + ) f(r)O(r + 5) dr (16)
0

where the Heaviside function ©(r + s) [20] insures that the argument of the function
h remains positive. This equation is the fundamental equation of Pleau and Pigeon.

The cumulative distribution function is

K'(s) = /_ ; k(s') ds’ (17)

and corresponds to the volume fraction of the entire system within s of an air void
center. The volume fraction of the entire system that would lie within an air void is
K'(0), and corresponds to an estimate of the air void volume fraction. The volume

fraction of paste within s of an air void surface would then be
1 S
K(s) = —/ k(s') ds' (18)
Q Jo
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where ) normalizes the result by the volume fraction of paste.
The normalization factor @) should equal 1 — A, or the paste volume fraction. By

the authors’ development, this is equivalent to

Q=1-K'(0) (19)

which the authors use in their derivation. However, as demonstrated previously [21],
for monosized spheres the quantity K'(0) corresponds to the air volume fraction for a
system of overlapping spheres. This is a consequence of using the Hertz distribution
for h(x).

In the subsequent numerical experiment, two results will be reported for the Pleau

and Pigeon equation corresponding to the normalization factors 1 — K'(0) and 1 — A.

4.6 Lu and Torquato Equations

The paste-void and the void-void spacing distributions have application both inside the
the field of cementitious materials [22-27] and outside the field [28-30]. Using various
approximation techniques, the problems of the paste-void and the void-void spacing
distributions have been solved for systems composed of mono-sized spheres [31-37].
These approximations have been compared to results of Monte Carlo simulations [34,
35] and they are in agreement. One method of approximation relies upon n-point
correlation functions, and Torquato, Lu, and Rubenstein [34] have obtained exact
expansions for mono-sized spheres. Lu and Torquato [38] developed a means to map
these correlation functions to systems of poly-dispersed sphere radii, thereby making it
possible to extend the approximations for mono-sized spheres. These approximations
for poly-dispersed sphere radii are given in Lu and Torquato [39], and are used here as
estimates for both the paste-void and the void-void spacing distribution.

The results of Lu and Torquato [39] for both the paste-void and the void-void
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with s < 0 corresponding to the sphere of radius —s being entirely inside an air void.

The averaged quantity in Eqn. 24 has the same definition as before:

o0

(s+7)° ©(s+7) :/0 (s+R)® ©(s+7) f(r)dr (25)

Again, the quantity O (s + ) is the Heaviside step function [20], and insures that the
argument (s + r) remains positive.

This result can be recast into the air void problem. Since ey(s) represents the
probability of a random point not being within a distance s of an air void surface, the
probability of finding the nearest void surface within a distance s of a randomly chosen

point is the complement of the void exclusion probability:
Ey(s) =1—ey(s) (26)

The probability of finding the nearest air void surface a distance s from a random point

in the paste portion only is

B(s) = AEZ0-4 (27)

= 1l—exp [—7m (cs + ds? + gs?’)]

This gives the fraction of the paste volume within a distance s of an air void surface,
which is equivalent to the definition of the paste-void proximity cumulative distribution

function.

4.6.2 Void-Void Proximity Distribution

The approach used by Lu and Torquato [39] for the void-void proximity is similar to
that for the paste-void proximity. Given that a point is located at the center of an air

void with radius R, the probability that the nearest air void surface is further away

16



than w is [39]

ep(w, R) = (28)

exp {—mn [c(w — R) + d(w? — R?) + g(w® — R*)]} w>R

Lu and Torquato refer to this as the particle exclusion probability.
The probability that the nearest air void surface is within a distance w from the

center of an air void with radius R is

Eﬁ,(w,R) = l—ep(w>R,R) (29)

= 1—exp {—7rn [c(w — R) +d(w? — R?) + g(w® — R3)] } (30)

Let s represent the shortest surface-surface distance between two air voids. The proba-
bility that the nearest air void surface is within s of the surface of the void with radius
R is

Ep(s, R) = Ep(s + R, R) (31)

The function Ep(s, R) is equivalent to the void-void spacing cumulative distribution
function.

The most important feature of Eqn. 31 is that Ep (s, R) depends upon the size of the
sphere one starts from. For mono-dispersed sphere diameters, R is simply a constant.
However, for a system composed of poly-dispersed sphere diameters, Ep(s, R) is a
continuous function of R. Since a continuous distribution of sphere diameters would
have an infinite number of possible diameters, there would exist an infinite number of
possible Ep(s, R) distributions. This complicates an evaluation of void-void spacing
distributions for systems composed of poly-dispersed sphere radii.

One possible remedy is to simply calculate an ensemble average. Ensemble averages
can be calculated based on either number density or volume density. This bulk value

can then be compared to measured values. Here, the number density ensemble average
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was chosen:

(Ep(s) = [ Bpls,n)f(r)ar (32)

For a system of poly-dispersed sphere diameters one can also calculate the mean

nearest surface-surface distance [39]:

Ip(R) = / ~ ep(w, R) dw (33)

which gives the average distance to the nearest air void surface when starting from
spheres of radius R. The quantity Ip(R) decreases as R increases. Therefore, on
average, the larger the sphere one starts from, the shorter the distance one travels to
reach the surface of the nearest air void. A technique is described to measure this

quantity, and the results are given along with this prediction.

5 Numerical Experiment

The computer program used in this experiment was based upon one that was used
previously in a similar experiment [41]. The computer generates sphere radii and sorts
them in order of decreasing radii. Random locations are generated for the centers of
the spheres, and they are placed inside a cube 10 mm long on a side. As the spheres
are placed, should a new sphere overlap an existing one, new random locations for the
center are generated until it no longer overlaps an existing sphere. This “parking”
approach is used until all the spheres are placed into the cube. For any portion of a
sphere protruding out from one face of the cube, there is a virtual sphere of the same size
placed outside the opposite face such that its intruding portion exactly compensates
for the protruding portion of the original sphere. This is the technique of periodic
boundary conditions and helps to eliminate finite-size effects. Once all the spheres
have been placed, the computer knows the size and location of every sphere in the

system. From this, the computer can calculate any desired measure of spacing.
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5.1 Air Void Radii Distribution

Two sphere radii distributions are used in this experiment: mono-sized and lognormally
distributed radii. The mono-sized sphere systems provide a means to test the effects of
varying either the size or the number density of air voids. The zeroth-order logarithmic

radius distribution [40]
_ (In(r/ro 2:|

exp |: 20_3

2mooTo exp (02/2)

fr) = (34)

represents an air void radii distribution typically found in concrete containing air en-
trainment. For this distribution (r, = 15 pm, o, = 0.736), the specific surface area is
30.0 mm™'. A plot of this distribution, and the corresponding ASTM C 457 chord dis-
tribution, ¢(z) [42], is shown in Fig. 4. In this plot, the air void distribution is shown as
a diameter distribution, f(d), rather than a radius distribution since sphere diameters

are more directly comparable to the observed ASTM C 457 chord distribution.

5.2 Paste-Void Proximity

After the spheres have been parked into the system, 1000 points throughout the entire
system are chosen along a regular cubic grid. The distance from an individual point
on the grid to the nearest sphere surface is calculated; if the point lies within that
sphere, the shortest distance to the surface is made negative. These 1000 distances
are then sorted, from smallest to largest. The relative rank of these distances, as a
function of this distance, is an estimate of the cumulative distribution function for all
the paste-void spacings in the entire system.

Since the negative distances in this CDF correspond to points lying within an air
void, the 50 th and 95 th percentiles of the paste-void proximity spacings for the paste

fraction alone are calculated from the positive values in the list of distances.
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5.3 Void-Void Proximity

Analyzing void-void spacings is more complicated than the paste-void spacing mea-
surements. As pointed out by Lu and Torquato, the void-void spacing distribution is
a function of both s and r. For a lognormal distribution of sphere radii there exists
a unique void-void spacing distribution for each sphere in the system. Also, estimat-
ing the average void-void spacing is difficult since only one measurement exists for
each sphere, and that exact sphere diameter will not be duplicated in the system. An

indirect means to estimating the average void-void spacing is presented and used here.

5.3.1 Ensemble Average Over All Particle Radii

The percentiles of the void-void spacing distribution are calculated in the same man-
ner for both the mono-sized and lognormally distributed sphere radii. 1000 spheres
are chosen at regular intervals from the sorted list of sphere radii which were used to
place the spheres. For mono-sized spheres, this constitutes 1000 random air voids. For
the lognormally distributed radii, this is a statistical ensemble based on the number
density. For each of these 1000 spheres, the surface-surface distance to the nearest air
void surface is calculated. This collection of distances is an estimate of the averaged
distribution given in Eqn. 32. Once sorted in ascending order, the 500 th and 950 th en-
tries correspond to the 50 th and 95 th percentiles of the void-void spacing distribution,

respectively.

5.3.2 Mean Nearest Surface As A Function Of Particle Radius

The mean nearest surface for poly-dispersed sphere radii, [p(r), can be estimated from
multiple iterations of void-void spacing measurements. As described in the previous
section, 1000 spheres are chosen at regular intervals from the original sorted list of
sphere radii. This list also corresponds to the cumulative distribution function of the
sphere radii. If the void-void measurements are repeated from many system iterations,
averaging the radii in the 500 ¢h entry, for example, will yield an unbiased estimate of

the 50 th percentile of the sphere radii distribution. Likewise, the corresponding nearest
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sphere surface distance in the 500 th entry can be averaged, yielding an estimate of the
mean nearest surface for the 50 th percentile.

This process is repeated for all 1000 entries of both sphere radii and void-void
distances. Upon averaging over all system iterations, there are 1000 averaged radii
and 1000 averaged void-void spacings. The 1000 averaged void-void spacings plotted

against the corresponding 1000 averaged radii represents an estimate of [p(r).

5.4 Particle Dynamics

Strictly speaking, the Lu and Torquato equations are meant for equilibrium systems in
which the spheres are allowed to mix and interact before coming into some equilibrium
state. The mixing does not alter the size distribution of the spheres, only the locations
of the spheres. From this description, air voids in concrete should also exhibit statis-
tics of an equilibrium system, although the effect of gravity and the presence of the
aggregates may not be ignored.

This computer experiment uses a parking approach to the final placement of the air
voids. Once placed, the spheres do not move, nor do they interact with one another.
The spatial statistics of both an equilibrium and a parked system can be quantified us-
ing an n-point correlation function, as was used by Lu and Torquato [39]. Although the
spatial statistics of an equilibrium system and a parked system differ, they are similar
at low air contents. Therefore, if the results of the computer experiment for mono-sized
parked spheres agree with the exact Lu and Torquato results for mono-sized spheres,
the spatial statistics, over the range of air contents tested, must be sufficiently similar
between the equilibrium and the parked systems that the results are indistinguishable.
This would suggest that the results for parked lognormally distributed air void radii

are also a valid approximation for an equilibrium distribution of air void radii.
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5.5 Statistics

In order to convey uncertainty in the reported values, iterations of the experiments
must be performed, yielding statistical means and estimated standard deviations. An
iteration here requires discarding all previous information about sphere locations and
sizes. A completely new list of sphere diameters is created, sorted, and randomly
parked within the system. From this new system, the different measures of spacing are
performed, and the results recorded. After this, the information about sphere locations
and sizes is once again discarded, and a new iteration begins. A mean and an estimated
standard deviation for each measure of spacing are calculated from the values found

for each iteration, and reported in the results.

6 Results

The results of the experiment are divided between the results for the mono-sized and
for the lognormally distributed air void radii. The results of the mono-sized spheres
demonstrate the effects of changing the number and the size of the spheres indepen-
dently. The results of the lognormally distributed spheres should be indicative of most
concretes containing entrained air.

All measured values reported here are represented by their mean and estimated
standard deviation from 100 system iterations. Three different spacing quantities are
reported: the paste-void (pv) and the void-void (vv) spacing percentiles, and the en-
semble average void-void (vv) spacing. A suffix is added to pv and vv to represent the

percentile.

6.1 Mono-sized Spheres

The results of the mono-sized sphere experiments are shown in Tables 2 and 3. In
each table, the results are divided between constant number density (n) and constant

sphere diameter experiments, with one pair of values in common for both. The constant
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number density experiments have 20 voids per cubic millimeter. The first constant
number density experiment consists of voids with zero diameter. This is equivalent
to placing 20 points per cubic millimeter. Since each point has no volume, the air
content is zero. However, both the paste-void and void-void spacing distributions are

well-defined.

6.1.1 Powers

Since the Powers spacing equation is an estimate of some large percentile of the paste-
void spacing distribution, it is only included in the measurements of the 95 th percentile
in Table 2. It is purely coincidental that for mono-sized spheres, the Powers equation
is a good approximation of the paste-void spacing 95 th percentile. Throughout the

entire experiment, the error is never more than 22 % for the 95 ¢h percentile.

6.1.2 Philleo

The results in Table 2 indicate that the Philleo equation can make a reasonable estimate
of both the 50 ¢th and the 95 th percentiles of the paste-void spacing distribution. The

maximum error was 24 % for the 50 th percentile, and 53 % for the 95 th percentile.

6.1.3 Pleau and Pigeon

The results of the Pleau and Pigeon equations for mono-sized spheres are shown in
Table 2. Even though the renormalization parameter K'(0) was in error at a sphere
volume fraction of 0.28, there was negligible difference in the performance of K4 and
Ky in estimating the 50 th percentile, for which, at a volume fraction of 0.28, both
equations are in error by nearly a factor of two. At the 95 th percentile, the equation
K, which uses the incorrect estimate of the air content, performs noticeably better

than K 4, but is still in error by nearly a third at a volume fraction of 0.28.
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6.1.4 Attiogbe

The performance of both Attiogbe spacing equations are shown in Table 3 and Table 4.
Table 3 shows the estimates of the 50 th and 95 th percentiles of the void-void spacing
distribution. Table 4 shows the estimates of the average minimum spacing between
voids. It appears as though neither Attiogbe equation can accurately predict the 50
th percentile, the 95 th percentile, or the mean of the void-void spacing distribution.
However, as expected, the Attiogbe equation ¢ is consistantly one half the mean free
path (X).

There are aspects of the adjusted equation ¢ in the constant number density
experiment that warrant attention. First, in Table 3 the estimated spacing using {g at
zero air is 0.0000, which is unreasonable. If, as Attiogbe has defined his spacing, this
is the average minimum spacing, all the spheres must be touching one another since
there can be no negative distances between voids. However, as described previously,
at zero air content in this experiment the voids are simply point particles, and they
cannot be touching one another. Second, in the same table the estimated spacing tg
increases with increasing air content, and then decreases sharply at paste air content
of about 12%, which corresponds to a concrete air content of about 4%. An increase
in an estimation of the average minimum spacing between bubbles, with increasing air

content, is unphysical for identical air voids.

6.1.5 Lu and Torquato

As shown in Tables 2 to 4, the Lu and Torquato equations consistently estimate well
the parameters of both the paste-void and the void-void distributions. The largest
errors were 8 % in the paste-void percentiles, 7 % in the void-void percentiles, and 5

% in the mean spacing between air voids.
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6.2 Lognormally Distributed Spheres

The results of the lognormally distributed sphere radii are shown in Tables 5 and 6.
The average void-void spacing as a function of radius is shown in Figs. 5 and 6 along

with the measured values.

6.2.1 Powers Equation

Again, the Powers equation is only compared to the measurements of the 95 th per-
centile of the paste-void spacing distribution. As in the case of mono-sized spheres,
the Powers equation is directly proportional to the 95 th percentile. However, for this
distribution of lognormally distributed sphere radii, the Powers equation is a constant

factor of 1.5 larger than the 95 ¢h percentile.

6.2.2 Philleo Equation

The performance of the Philleo equation for lognormally distributed sphere radii is
better than that for the mono-sized sphere radii. The maximum errors are 16% and

7% for the 50 th and 95 th percentiles, respectively.

6.2.3 Pleau and Pigeon Equation

For lognormally distributed sphere radii, the Pleau and Pigeon normalization factor
K'(0) is in error by 58% at an air volume of nearly 20%. This error is reflected in
the performance of K4 and K. For the case of lognormally distributed sphere radii,
the equation K 4, which uses the correct air content, performs better than K. This
is in contrast to the mono-sized sphere case. Also, for lognormally distributed sphere
radii, the Pleau and Pigeon equation overestimates percentiles, where as the equation

underestimates percentiles of the mono-sized sphere radii.
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6.2.4 Attiogbe Equations

As in the case of mono-sized spheres, the Attiogbe equation does not appear to estimate
any reported statistic of the void-void spacing distribution. In the data shown in
Table 6, the Attiogbe equation ¢ is an order of magnitude greater than both the 50
th and the 95 th percentiles. As the paste air fraction increases from 0.02 to 0.07, the

value of ¢ only decreases by 10 %, where as the measured values decrease by 50 %.

6.2.5 Lu and Torquato Equations

As an estimate of the 50 th and 95 th percentiles, the Lu and Torquato equation
performs better for lognormally distributed sphere radii than for mono-sized spheres.
For the lognormally distributed air void radii used here, the maximum associated errors
are 2 % and 1 % for the 50 th and 95 th percentiles of the paste-void spacing distribution,
respectively. The void-void spacing percentile estimates for the lognormally distributed
sphere radii have approximately the same performance as for the mono-sized spheres.

In addition to estimating the percentiles of the void-void spacing distribution, the
Lu and Torquato equation is used to estimate the average void-void spacing as a func-
tion of sphere radius. The results are shown in Figs. 5 and 6. The measured data (solid
circles) are the average of 100 system iterations. As can be seen in the figures, the Lu

and Torquato equation [p(r) is accurate for paste air contents of nearly 20 %.

6.3 Paste-Void Probability Density

A graphical performance comparison of the Philleo, the Pleau and Pigeon, and the
Lu and Torquato estimates of the paste-void proximity probability density function is
shown in Fig. 7. The sphere radii are lognormally distributed with a number density
of 240 mm~—3. The Philleo estimate terminates at s equals zero since it is already
normalized for the fraction of paste within s of an air void surface. The Lu and
Torquato estimate is virtually exact at the resolution of this experiment. The Philleo

estimate is fairly accurate for s greater than zero, while that of Pleau and Pigeon
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is noticeably in error. These qualitative differences are born out in the previously

reported results.

7 Discussion

These results suggest that the Powers spacing factor approximates some large percentile
of the paste-void spacing distribution, as it was intended. However, the exact percentile
is unknown, and appears to vary with the air void radii distribution.

The Philleo equation performed much better for lognormally distributed sphere
radii than for mono-sized sphere radii. It is not clear why this should be so. Philleo
did not consider any air void radii distribution in the development of his equation.

Although the Pleau and Pigeon equation works well at very low air contents, the
performance of the equation worsens with increasing air content, especially for the
lognormally distributed sphere radii. This is a consequence of using the Hertz distri-
bution for h(x). It is interesting to note that, for lognormally distributed air void radii,
although the Pleau and Pigeon equation is a function of the sphere radii distribution,
it does not perform as well as the Philleo equation, which is independent of the sphere
radii distribution.

The performance of the Attiogbe equations in estimating percentiles of the void-void
spacing distribution was quite poor. The original equation ¢ is completely disconnected
from the void-void spacing distribution, which is expected since it is proportional to the
mean free path. However, the relavence of the mean free path to freeze-thaw durability
is questionable. The adjusted equation ¢ has unphysical behavior for mono-sized
spheres with constant number density and increasing void radius. For lognormally
distributed sphere radii, it is clear that neither equation has any relevance to any
reported statistic of the void-void spacing distribution.

There is one quantitative aspects of the equation ¢{G that warrants further discus-
sion. The equation t¢ has a maximum value of 16/« as the number density n of air

voids approaches zero. This suggests that there is a finite distance between air voids
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as well as the Philleo equation for lognormally distributed sphere radii. The original
Attiogbe equation is approximately a factor of two less than the paste mean free path
and an order of magnitude greater than the 95 th percentile of the void-void spacing
distribution. The adjusted Attiogbe equation estimates an increasing spacing between
mono-sized air voids as the number remains fixed and the diameter increases. This
behavior makes this equation an unlikely candidate as a measure of air void spacing in
concrete.

The Lu and Torquato equations performed quite well for both paste-void and void-
void spacing distributions. Not only can their equations predict arbitrary statistics of
both the paste-void and void-void spacing distributions, they also accurately predict
the average void-void spacing as a function of void radius.

Due to the accuracy of the Lu and Torquato equation, it would appear as though
additional spacing equations are not needed. The Powers equation can be tested further
for various air void radii distributions and compared to the Lu and Torquato equation.
If the Powers equation fails to consistently predict the same percentile of the paste-void
spacing distribution, it could be replaced with either the Lu and Torquato equation or a
simplified approximation. Regardless, as the material properties of concrete continue to
change, effort must also address establishing an appropriate limit of allowable spacing

in concrete.
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Table 1: A sorted list of 20 random normal deviates x with mean zero and variance one,
their rank, and their associated cumulative probability y.

x Rank | vy
-1.0730320 11]0.05
-0.8731335 210.10
-0.8409334 310.15
-0.7056352 410.20
-0.5254872 510.25
-0.4553703 6 | 0.30
-0.2430273 710.35
-0.1967312 8 | 0.40
-0.1494667 910.45
-0.1038428 10 | 0.50

0.0321516 111 0.55
0.0340721 121 0.60
0.2339296 13 ] 0.65
0.2635231 14 1 0.70
0.2697059 151 0.75
0.4185625 16 | 0.80
0.5730767 171 0.85
0.8981169 18 1 0.90
1.1908520 191 0.95
1.5878820 20 | 1.00
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Table 2: Estimates of the paste-void spacing percentiles for monosized spheres. The estimates
include results from Philleo (F); Pleau and Pigeon (K 4) and (Kj) using the normalization
factors of 1-A and 1-K'(0), respectively; Lu and Torquato (Ey); and Powers (L). The
measured values are labeled pv and have the one standard deviation uncertainties shown.
The suffixes 50 and 95 indicate the percentile.

Diameter n A K'(0) | F50 | K450 Kg/50 | E,50 pv50
(mm) (mm™3) (mm) | (mm) (mm) | (mm) (mm)
0.000 20 0.0000 0.0000 | 0.202 | 0.202 0.202 | 0.202 | 0.205 + .006
0.025 20 0.0002 0.0002 | 0.190 | 0.190 0.190 | 0.190 | 0.191 + .003
0.075 20 0.0044 0.0044 | 0.165 | 0.164 0.164 | 0.164 | 0.165 £+ .003
0.150 20 0.035 0.035 0.130 | 0.124 0.124 | 0.125 | 0.124 4+ .003
0.225 20 0.12 0.11 0.099 | 0.078 0.079 | 0.087 | 0.086 &+ .003
0.300 20 0.28 0.25 0.072 | 0.024 0.028 | 0.053 | 0.052 4+ .002
0.150 10 0.018 0.018 0.182 | 0.178 0.178 | 0.178 | 0.179 4+ .003
0.150 20 0.035 0.035 0.130 | 0.124 0.124 | 0.125 | 0.124 + .003
0.150 50 0.088 0.085 0.079 | 0.068 0.068 | 0.072 | 0.071 4+ .002
0.150 100 0.18 0.16 0.051 | 0.033 0.034 | 0.042 | 0.041 £+ .001
Diameter n A K'(0) L F95 | K495 Kg/95 | E, 95 pv95
(mm) (mm—?) (mm) | (mm) | (mm) (mm) | (mm) (mm)
0.000 20 0.0000 0.0000 | 0.320 | 0.330 | 0.330 0.330 | 0.330 | 0.330 & .006
0.025 20 0.0002 0.0002 | 0.307 | 0.317 | 0.317 0.317 | 0.317 | 0.318 & .005
0.075 20 0.0044 0.0044 | 0.282 | 0.292 | 0.289  0.289 | 0.290 | 0.292 4+ .005
0.150 20 0.035 0.035 0.245 | 0.255 | 0.234 0.235 | 0.244 | 0.243 £+ .005
0.225 20 0.12 0.11 0.207 | 0.219 | 0.166 0.168 | 0.190 | 0.186 £ .004
0.300 20 0.28 0.25 0.127 | 0.183 | 0.089 0.097 | 0.130 | 0.120 £ .003
0.150 10 0.018 0.018 0.328 | 0.341 | 0.326 0.326 | 0.333 | 0.335 £ .006
0.150 20 0.035 0.035 0.245 | 0.255 | 0.234 0.235 | 0.244 | 0.243 £ .005
0.150 50 0.088  0.085 0.161 | 0.169 | 0.138 0.139 | 0.152 | 0.149 £ .003
0.150 100 0.18 0.16 0.112 | 0.119 | 0.079  0.081 | 0.097 | 0.092 £ .002
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Table 3: Estimates of the void-void spacing percentiles for monosized spheres. The estimates
include results from Attiogbe (¢) and (t¢); and Lu and Torquato (£p). The measured
quantities are labeled vv and have the one standard deviation uncertainties shown. The
suffix 50 indicates the percentile.

Diameter n A t ta E,50 vv50
(mm) (mm™3) (mm) (mm) | (mm) (mm)
0.000 20 0.0000 oo 0.000 | 0.202 | 0.211£.004
0.025 20 0.0002 | 50.91 0.067 | 0.177 | 0.1784.003
0.075 20 0.0044 | 5.609 0.198 | 0.130 | 0.1304.003
0.150 20 0.035 1.316 0.372 | 0.072 | 0.072+£.002
0.225 20 0.12 0.488 0.465 | 0.034 | 0.036+.001
0.300 20 0.28 0.182 0.182 | 0.013 | 0.014+.001
0.150 10 0.018 2730 0.386 | 0.117 | 0.118+£.003
0.150 20 0.035 1.316 0.372 | 0.072 | 0.072+.002
0.150 50 0.088 0.470 0.332 | 0.032 | 0.033+.001
0.150 100 0.18 0.192 0.192 | 0.014 | 0.0154.001
Diameter n A t ta E,95 vv95
(mm)  (mm~?) (mm) (mm) | (mm) | (mm)
0.000 20 0.0000 oo 0.000 | 0.330 | 0.3784.007
0.025 20 0.0002 | 50.91 0.067 | 0.304 | 0.320£.006
0.075 20 0.0044 | 5.609 0.198 | 0.254 | 0.260£.006
0.150 20 0.035 1.316 0.372 | 0.178 | 0.179+£.005
0.225 20 0.12 0.488 0.465 | 0.107 | 0.1094.004
0.300 20 0.28 0.182 0.182 | 0.049 | 0.051£.002
0.150 10 0.018 2.730 0.386 | 0.264 | 0.2694+.006
0.150 20 0.035 1.316 0.372 | 0.178 | 0.1794.005
0.150 50 0.088 0.470 0.332 | 0.093 | 0.094+.003
0.150 100 0.18 0.192 0.192 | 0.047 | 0.049+£.002
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Table 4: Estimates of the average void-void spacing and the mean free path (\) for monosized
spheres. The estimates include results from Attiogbe () and (t¢); and Lu and Torquato (Ip).
The measured values are labeled vv and have the one standard deviation uncertainties shown.

Diameter n A A t ta lp VU
(mm)  (mm~?) (mm) (mm) (mm) | (mm)| (mm)
0.000 20 0.0000 00 oo 0.000 | 0.204 | 0.2194£.003
0.025 20 0.0002 | 101.84 50.91 0.067 | 0.179 | 0.183+£.002
0.075 20 0.0044 | 11.27 5.609 0.198 | 0.133 | 0.135+£.002
0.150 20 0.035 2.729 1.316 0.372 | 0.079 | 0.0804.002
0.225 20 0.12 1.108 0.488 0.465 | 0.042 | 0.043%.001
0.300 20 0.28 0.507 0.182 0.182 | 0.018 | 0.018+.001
0.150 10 0.018 5.559 2.730 0.386 | 0.125 | 0.1274.002
0.150 20 0.035 2.729 1.316 0.372 | 0.079 | 0.0804.002
0.150 50 0.088 1.032 0.470 0.332 | 0.038 | 0.039+.001
0.150 100 0.18 0.466 0.192 0.192 | 0.018 | 0.019+.001
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Table 5: Estimates of the paste-void distribution percentiles for lognormally distributed
sphere radii. The estimates include results from Philleo (F'); Pleau and Pigeon (K4) and
(K k) using the normalization factors of 1-A and 1-K'(0), respectively; Lu and Torquato
(Ey); and Powers (L). The measured values are labeled pv and have the one standard
deviation uncertainties shown. The suffixes 50 and 95 indicate the percentile.

n A K'0)| F50 | K450 Kgi50 | E,50 pv50
(mm~?) (mm) | (mm) (mm) | (mm) | (mm)
20 0.016 0.012 | 0.146 | 0.172 0.173 | 0.163 | 0.162 & .003
40 0.033 0.022 | 0.105 | 0.131 0.131 | 0.120 | 0.120 = .002
80 0.066 0.039 | 0.073 | 0.098 0.100 | 0.085 | 0.085 £ .002
160 0.131 0.065 | 0.048 | 0.071  0.075 | 0.056 | 0.057 &= .002
240 0.197 0.082 | 0.037 | 0.058 0.063 | 0.042 | 0.043 £ .001

n A K0 L | F95 |Ka9% K95 E,95 pv95
(mm~—3) (mm) | (mm) | (mm) (mm) | (mm) (mm)
20 0.016 0.012 | 0.450 | 0.272 | 0.302 0.304 | 0.290 | 0.290 &+ .005
40 0.033 0.022 | 0.337 | 0.204 | 0.231  0.236 | 0.220 | 0.219 + .004
80 0.066 0.039 | 0.247 | 0.150 | 0.173 0.185 | 0.162 | 0.162 + .003
160 0.131 0.065 | 0.175 | 0.108 | 0.125 0.143 | 0.114 | 0.114 £ .002
240 0.197 0.082 | 0.136 | 0.087 | 0.099 0.123 | 0.089 | 0.090 £ .002
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Table 6: Estimates of the void-void distribution percentiles for lognormally distributed sphere
radii. The estimates include results from Attiogbe () and (f¢); and Lu and Torquato (£p).
The measured values are labeled vv and have the one standard deviation uncertainties shown.
The suffixes 50 and 95 indicate the percentile.

n A t ta E,50 vv50
(mm~—3) (mm) (mm) | (mm) (mm)
20 0.016 | 3.919 0.515 | 0.134 | 0.1344.003
40 0.033 | 1.895 0.498 | 0.092 | 0.093+£.002
80 0.066 | 0.884 0.465 | 0.060 | 0.060+£.002
160 0.131 | 0.382 0.382 | 0.035 | 0.0354+.001
240 0.197 | 0.218 0.218 | 0.024 | 0.024+.001

n A A t ta E,95 vv95
(mm—?) (mm) (mm) (mm) | (mm) (mm)
20 0.016 | 7.969 3.919 0.515 | 0.263 | 0.270+£.006
40 0.033 | 3.918 1.895 0.498 | 0.194 | 0.196+.005
80 0.066 | 1.892 0.884 0.465 | 0.138 | 0.138+.003
160 0.131 | 0.880 0.382 0.382 | 0.092 | 0.0934.002
240 0.197 | 0.542 0.218 0.218 | 0.069 | 0.0694.002
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Figure 1: An idealized representation of a spacing cumulative distribution function (CDF)
and the associated probability density function (PDF) for some distance s. The dashed lines
demonstrate how to determine the 50 th and the 95 th percentiles from CDF data.

Figure 2: The cumulative distribution function for the 20 normal random deviates shown in
Table 1.

Figure 3: The cumulative distribution function (CDF) for the 1000 normal random deviates
and the estimated probability density function (solid circles) for every 40 th deviate. The
true gaussian probability density function is also given as a reference.

Figure 4: The zeroth-order logarithmic sphere diameter distribution f(d), and the corre-
sponding chord distribution ¢(z), used in this experiment.

Figure 5: Mean void-void spacing (Ip) for lognormally distributed sphere radii with a density
of 20 mm 3. Measured values are shown as solid circles, the solid line is the estimate by Lu
and Torquato.

Figure 6: Mean void-void spacing (Ip) for lognormally distributed sphere radii with a density
of 240 mm 3. Measured values are shown as solid circles, the solid line is the estimate by
Lu and Torquato.

Figure 7: Estimates of the paste-void probability density function by Philleo, Pleau and
Pigeon, and Lu and Torquato for lognormally distributed sphere radii with a number density
of 240 mm~3. Measured values are shown as filled circles.
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